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We construct a new class of exact string solutions with a four dimensional target space 
metric of signature (—,+,+,+) by gauging the independent left and right nilpotent 
subgroups with 'null' generators of WZNW models for rank 2 non-compact groups G. 
The 'null' property of the generators (Tr(A^ n A^ m ) = 0) implies the consistency of the 
gauging and the absence of ct'-corrections to the semiclassical backgrounds obtained 
from the gauged WZNW models. In the case of the maximally non-compact groups 
(G = SL(3), SO(2, 2), SO(2, 3), G%) the construction corresponds to gauging some of the 
subgroups generated by the nilpotent 'step' operators in the Gauss decomposition. The 
rank 2 case is a particular example of a general construction leading to conformal back- 
grounds with one time-like direction. The conformal theories obtained by integrating out 
the gauge field can be considered as sigma model analogs of Toda models (their classical 
equations of motion are equivalent to Toda model equations). The procedure of 'null gaug- 
ing' applies also to other non-compact groups. As an example, we consider the gauging of 
SO(l, 3) where the resulting metric has the signature (— , — , +, +) but admits two analytic 
continuations with Minkowski signature. The backgrounds we find have '2+2' structure 
with two null Killing vectors. Their dual counterparts have one covariantly constant null 
Killing vector, i.e. are of 'plane-wave' type (with metric and dilaton depending only on 
transverse spatial coordinates) and also represent exact string solutions. 
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1. Introduction 



In trying to understand possible implications of string theory for gravitational physics 
it is important to study string solutions with physical dimension (D = 4) and signature 
(— , +, +, +). With a hope to be able to discuss issues of singularities and short distance 
structure one is mostly interested not just in solutions of the leading-order low-energy 
string effective equations but in the ones that are exact in a' and / or which have an explicit 
conformal field theory interpretation. While the leading-order solutions are numerous, very 
few solutions of the second type are known. In addition to the obvious 'direct product' 
combinations of low-dimensional solutions (e.g. R x £77(2) WZNW 0) the known exact 
D = 4 ones include, in particular, spaces with a covariantly constant null Killing vector 
§§[§[§§> ' black hole ' " type § and cosmological §000 solutions based on 
(G x G')/(H x H') gauged WZNW models (with G = SL(2, R), G' = SL(2, R) or £(7(2) 
and H, H' = 17(1) or £0(1, 1)),0 the £0(2, 3)/£0(l, 3) model of @, a black hole solution 
of [17|] and the solution Jl8| corresponding to the WZNW model for a non-semisimple 
D = 4 group which has a non-degenerate invariant bilinear form.! 

The aim of this paper is to present some new exact D = 4 solutions which corre- 
spond to gauged WZNW models and thus should have a direct conformal field theory 



1 For other superstring solutions see also [14||15| and references there. 

2 Since there is no dimension 4 simple Lie group one may try to obtain a D = 4 solution from 
a WZNW-type theory either by considering G/H gauged models or by using the construction 



[1S][1S][20| based on non-semisimple groups. It is possible to check explicitly [ pif that there 
are no other (in addition to the algebra in ]l8|) non-trivial D = 4 solvable Lie algebras (for a 
classification see |22[|) which have a non-degenerate invariant bilinear form and thus could lead to 
new WZNW-type models according to [23]. The existence of only one D = 4 non-abelian algebra 
with an invariant form is explained by a theorem in a recent paper [24]: since non-semisimple 
algebras with invariant forms are obtained by the procedure of "double extension" (g — > g®h(&h*) 
from an algebra g with an invariant form, to get a D = 4 algebra one needs to start with afl = 2 
algebra as g (h must be one-dimensional to get D = 4). Among the two D = 2 Lie algebras only 
the abelian one can have a non-degenerate invariant form; the corresponding D = 4 algebra is the 



central extension of the euclidean group in two dimensions, the algebra used in [18|. 
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interpretation. The starting point will be what we shall call 'null gauged' WZNW models, 



i.e. gauged WZNW models []25| [57| [58] based on non-compact [^9[ j3(J groups with the 
generators of the gauged subgroup being 'null' (having zero Killing scalar products). The 
gauged subgroup will be thus chosen to be solvable (but need not be nilpotent in general) . 
We shall generalise the procedure of gauging WZNW models with nilpotent subgroups |JT| 
to obtain conformal sigma models with Minkowski signature. The resulting sigma models 
will belong to the following class 

S = / d 2 z\dx i dx i + F(x)dudv] + / d 2 zy^R (2) (j)(x) , 
ira J 4tv J 

where the two functions F and <p will be explicitly determined (in Section 2) by gauging 
of the nilpotent subgroups in WZNW models for rank n maximally non-compact groups. 
x l (i = 1, ...,n) will be the linear combinations of the coordinates r l = r ai corresponding 
to the simple roots on, 

dx l dxi = Cadr l dr J , ct 7 ; ■ x = K^r 3 , Kij = K aiaj = ^ ® J = \ \aLi\ 2 Cij , 



\a J] 



where is the n x n Cartan matrix. We shall find that 



1 1 m 1 n 1 



s=l i=l 

1 



where the constants e 7 can be chosen to be or ±1 and p = | XL=i a s ^ s n alf of the sum 
of all positive roots.i 

The case of rank 2 groups leading to four dimensional backgrounds will be studied in 
detail in Section 3. 

In Section 4 we shall find the general conditions on the functions F, 4> which are 
necessary for conformal invariance and check that the functions obtained from gauged 



3 If «i is a simple root corresponding to the generators E± ai which are left ungauged (the 
remaining m — 1 positive (negative) roots correspond to the generators of a left (right) nilpotent 
subgroup that was gauged) then ei = 1 (m = |(d — n), n = rank G, d = dimG). 



WZNW models are their solutions. We shall also consider the dual version of the above 
sigma model , 

S = — [ (fzldx^Xi + F(x)dudu - 28vdu] + — [ dPz^f^R^Mx) , 
ira J L J An J 

n 1 
F = F~ 1 = J2 , 4> = <P~-lnF = p-x , 

i=l 

which is also an exact solution of conformal invariance conditions and discuss an apparent 
similarity to the Toda model (in particular, we shall find a direct relation between the 
solutions of the classical equations of motion). Some concluding remarks will be made in 
Section 5. 



2. Null gauging of WZNW models 
2.1. General scheme 

The simplest possibility to construct aD = 4 solution using a G/H gauged WZNW 
model is to consider H to be a subgroup of a semisimple group G of a minimal possible 
dimension. Since we would like also to get a D = 4 space-time with a time-like direction 
the obvious candidates for G are non-compact groups, e.g. SL(2, R) x SL(2, R) or SO(l, 3). 
The Killing form of the first algebra has the signature (—,+,+,—,+,+) so that one can 
get the Minkowski signature of the D = 4 background by the standard (vector or axial) 
gauging of one compact and one non-compact generator. 

There exist, however, another possibility which we shall exploit below. The indefinite 
signature of the Killing form for non-compact algebras implies that there is a number of 
l nuW generators T n = N n which have zero scalar products, Tr (A^ n A^ m ) = 0. A subalgebra 
generated by such generators is thus solvable (but may not be nilpotent)J In this case 



4 An example of a 'null' generator in the Lorentz group case is a sum of a spatial rotation 
with a boost. Note that a nilpotent (iV 2 = 0) generator is null but, in general, a null generator 
need not be nilpotent. Gauging of subgroups generated by nilpotent generators was previously 



discussed in [ 31 ] [ 3g] |1 [ 34 ] p§] [ 36 1 . 



one can consider a left-right asymmetric gauging since the anomaly cancellation condition 
( Tr T| = Tr T|) is obviously satisfied. 

Let us first recall the structure of the action of the standard vectorially gauged G/H 
WZNW model. The classical G/H gauged WZNW action |2|] g§ [|3 [|| i 



S v = -kI v ( 9i A) , I v (g,A) = I(g) + ±- Jd 2 zTr (-Adgg~ l + Ag~ l dg 

+g~ 1 AgA - AA) = I (g, A) - ^- J d 2 z Tr (AA) , 

1=1- Jd 2 z Tr (dg^dg) + JL J d 3 z Tr Qr 1 ^) 3 . 
is invariant under the vector H - gauge transformations 



(1) 



g — > w 1 gw , A w 1 (A + d)w , A — > w 1 (A + d)w , w = w = w(z, z) . (2 



Parametrising A and A in terms of h and from H 



A = hdh' 1 , A = hdh~ l , h -> uT 1 /* , /i -> 



(3) 



one can use the Polyakov-Wiegmann identity |38[ to represent the gauged action as the 
difference of the two manifestly gauge-invariant terms: the ungauged WZNW actions cor- 
responding to the group G and the subgroup H, 



I v (g,A) = I(h~ l gh) - I{h- l h) 



(4) 



Since 



I(h~ l gh) = I (g,A) + /(/T 1 ) + 1(h), 
I(h- l h) = I(h- X ) + 1(h) + 1 I d 2 z Tr (AA) 



(5) 



5 For our discussion of the non-compact group gauging it is useful to choose the 'unphysical' 
sign in front of the 2d action, with k now being positive. This implies that the Cartan subgroup 
coordinates will have positive signs in front of their kinetic terms. 
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the non-local terms I(h~ l ) + 1(h) cancel out in the classical action (4) but survive in the 
quantum effective one |ID| since the coefficients k of the two terms in (4) get different 
quantum corrections (k — > k — and k — > k — ic#).i The presence of the two WZNW 
terms in (4) with the coefficients which renormalise in a different way implies that the 
target space background fields obtained after integrating out the gauge field [fTT] |42 
modified by a') -corrections 



are 



Suppose now that the parameters w and w of the gauge transformation in (2) are not 
the same and belong to two different subgroups H + and H- of G. If these subgroups are 
generated by null generators ( Tr (N n N m ) = 0) we have the crucial property 

/(/T 1 ) = 1(h) = . (6) 

Then one may use the action 

S n = -kl n , I n (g, A, A) = iQi^gh) 

= 1(g) + ljd 2 z Tr {-A Bgg' 1 + A g~ x dg + g~ x AgA) , (7) 

which is manifestly gauge invariant and local when expressed in terms of g and A, A$ as the 
gauged WZNW action.i Assuming that the corresponding quantum theory is regularised 
in the 'left-right decoupled' way (so that the local counterterm Tr (AA) does not appear) 
the only non-trivial renormalisation that can occur at the quantum level is the shift of the 
overall coefficient k — » k — \cq in front of the action (7). As a result, the couplings of 



6 cg is the value of the quadratic Casimir operator in adjoint representation. The negative 
sign of the shift is due to our choice of the 'unphysical' sign in the action (1) as usual in the 
non-compact case. 

7 A and A should be considered as chiral projections of the two independent vector fields. 

8 Depending on a choice of the null subgroups H+ and H the trace of the product of 
their generators Tr (NN) and hence Tr (AA) may or may not vanish so that (7), in general, is 
different from (4) (which is not gauge invariant if Tr (NN) ^ 0). In the special case of (6) the 
action (7) coincides with the action of the chiral gauged WZNW model QQ|4^] I c (g, A) = 
I^gh) - I(h~ l ) - 1(h). 
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the sigma model obtained by integrating out the gauge fields A, A should not receive non- 
trivial k~ x -corrections, i.e. they should represent an exact solution of the sigma model 
conformal invariance equations. The central charge of the resulting gauged model will 
be equal to the central charge of the original WZNW model minus the dimension of the 
gauged subgroup. 

2.2. Gauging of nilpotent subgroups in Gauss decomposition parametrisation 

A particular case of such gauging (when the null subgroups are the nilpotent sub- 
groups corresponding to the step generators in the Gauss decomposition) was considered 
previously [^T|[^2[(see also P3|]|]34j|) in the context of Hamiltonian reduction ^5j[[I7| of 



WZNW theories related to Toda models.i The approach based on gauging of any sub- 
group with null generators is more general since, in principle, we do not need to use the 
Gauss decomposition (which does not always exist for the real groups we are to con- 
sider to get a real WZNW action). The gauging based on the Gauss decomposition di- 
rectly applies only to the groups with the algebras that are the 'maximally non-compact' 
real forms of the classical Lie algebras (real linear spans of the Cartan-Weyl basis), i.e. 
sl(n + 1, R), so(n, n + 1), sp(2n, R), so(n, n). The corresponding WZNW models can be 
considered as natural generalisations of the SL{2, R) WZNW mo For these groups 

there exists a real group-valued Gauss decomposition 

9 = 9+9o9- , 9+ = exp(^u a £ Q ) , g_ = exp(J^ v Q £_ a ) , (8) 

n 

g Q = exp(^r Q if a ) = exp(^Vif;) . 

A i=l 



The WZNW model in the Gauss decomposition parametrisation was considered in [48]. The 



standard (vector or axial) gauging in the Gauss decomposition was also discussed in [35|. 

10 Since there exists a Cartan involution for every non-compact real form of complex simple 
Lie algebras |fl9|[ it may be possible to repeat the construction that follows for other non-compact 
groups using 'generalised Gauss decomposition' | |50( |. Our treatment of the SO(l,3) case below 
may be considered as a particular example of such a generalisation. 
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Here $_|_ and A are the sets of the positive and simple roots of a complex algebra with the 
Cartan-Weyl basis consisting of the step operators E a , E_ a , a G and n(= rank G) 
Cartan subalgebra generators H a , a G A.0 We shall use the following standard relations 
(we shall assume that a long root has \a\ 2 = 2) [j5l| [^2 



[H a , Ep) = Kp a Ep (a G A, j3 G $) 



[Ea-, E- a ] = H a (a G A) , [E a , Ep] = N a pE a+l 3 , 

Tr (H a Hp) = C a p = j^K a p , K a p = , Tr {H.Hj) = 8^ , 

2 

H a = a l Hi , , x 1 = OL l r a , K a pr p = a ■ x , <5 l = ^^a 1 



CI 



2 



Tr (E a E_p) = j^5 a p , Tr (E a Hp) = , (9) 

where a* (z = 1, n) are the components of the positive root vectors. It is clear that E a 
and E- a form sets of null generators so that some of the corresponding symmetries can 
be gauged according to (7). For example, we may take w, A and h in (2), (3) to belong 
to the one-dimensional subgroup generated by some E 1 and w, A and h - to the subgroup 
generated by E_y where 7 and 7' are positive roots which may not necessarily be the 
same. 

If one gauges the full left and right nilpotent subgroups G + and G_ (dimG± = 
— n) = m, dimG = d) generated by all generators E a and E_ a [|3l|] one is left with 



the action for n decoupled scalars r a or x % which represent the free part of the Toda 
model action. Being interested in finding non-trivial conformal sigma models describing 
string solutions we are to consider the more general case of 'partial' gauging when only 
some subgroups H + and -£/_ of G + and G_ are gauged. r a should correspond to spatial 
directions (C a p in (9) is positive definite). Since the Killing form of the maximally non- 
compact groups has m = ^(d — n) time-like directions, to get a physical signature of the 



11 In what follows we shall assume that there is always a sum over repeated upper and lower 
indices. We shall also use r a with understanding that r a ^ only if a is a simple root. 



resulting space-time we need to gauge away all but one pair of coordinates u,v in (8). 
Therefore the gauge groups H± should have dimension m — 1 = ^ (d — n) — 1, i.e. 



dimH± = dimG± — 1 . 

As we shall see below (in Sect. 2. 3) the ungauged generator(s) of G± must be a simple root. 
Moreover, to get the physical value D = 4 of the target space dimension we need to start 
with the rank 2 groups G (D = n + 2 = 4). 

Let us first consider the most general case when w, A and h in (2), (3) correspond to 
the subgroup H + C G + generated by some s < m linear combinations S p = XpE a of the 
generators (E a , a G <&+) of G + and w,A and h - to the subgroup H_ C G_ generated 
by some s' = s linear combinations S q = \ q E_ a . Then it is straightforward to write down 
the resulting expression for the action (7) using the Polyakov-Wiegmann formula and (9) 
(i.e. I(g+) = I(g-) = 0, etc.) 

I n = I(h^gh) = I(g ) + ^Jd 2 zTt [g^g^hdih-'g+^og-hdih^gl 1 )] 

= I(g ) + \ J d 2 z Tr [g^(A + g?dg + )g Q {A - dg.gl 1 )] . (10) 

Setting 

A = S P B P = \«B p E a , A = Z q B* = \«B<*E- a , 
g- 1 dg+ = J U = UP{u)du a E p , dg.gl 1 = J v = J«E_ a = V^(v)dv a E_ p , (11) 
we get 

S n = k - J d 2 z[^C aP dr a drP + M af3 (JZ + \«B p )(jP - Ajfl«)] 

= 27 / ^M&^i + 2 M a/3 (J« + X$B')(JS - AjS«)] , (12) 

where 



M af3 = Tr (g^EngoE-p) = f a (r)6 af) , f a (r) = ^e~ K ^ = -^e 



— a-x 



The sums over a,/3 run over positive roots (r Q 7^ for simple roots only). It is clear that 
when H±=G±, i.e. when A^ and A^ are non-degenerate we can eliminate J u and J v from 
the action by redefining the gauge fields B, B. One is then left with the free action for 
r a plus the dilaton term = </>o + \ J^q, Kaf3 r ^ originating from the 5, B -determinant. 
More precisely, the latter determinant is given by the sum of the two terms |53| so that its 
contribution to the action is 

AS = — — [ d 2 z 0(ln det MWln det M) - — I d 2 z^/^R^ In det M 
2tt J 8tt J 

= -- [ d 2 z(p-dx)(p-dx) + ^- [ d 2 zy^)R^((j)o + p-x) , p^^Va. (13) 
7T 7 4tt J 2 L — ' 



Similar expression was found in |4!| in the process of representing WZNW theory in terms 
of free fields. It was claimed in |^8| that the first term combined with the free term in 
(12) produces the quantum renormalisation of the level coefficient k leading to the correct 
expression for the total central charge. As it appears from (13), only the coefficient of 
the projection of x on p gets renormalised (this, in fact, is sufficient for reproducing the 
quantum value of the central charge of the WZNW model C = k/(k — \ca), cq = 24p 2 /d). 
In what follows we shall not include explicitly the derivative terms in similar gauge field 
determinant contributions anticipating that the quantum effective action of the resulting 
model has the shifted overall coefficient k = k — \cq- 
Integrating out B v and B q in (12) we get 

Sn = ^ J d 2 z[^C a pdr a drf 3 + M aP (r)U«(u)Vf(v)duWv s ] 

--^ f d 2 zy^)R {2) In det M pq (r) , (14) 
M pq (r) ee M af3 \p\P = Y,f*{r)\f\ a q , 

Q- 

M a p{r) = M af3 - M- l ™Xl\ q M ai M p5 = f a 5 aP - f a fpM- lp<1 \ ap \p q . (15) 
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For example, in the simplest case when the left and right null gauged subgroups are one- 
dimensional and generated by the opposite roots E 7 , E- 1 we get 

S n = A / cfzldx^Xi + V -^e- a - x m{u)V 5 a (v)du a dv s ] 
Z7T J ' a 

+_L | d 2 ^V^^ (2) (p - 57) • « • (16) 

The derivatives of the corresponding coordinates du 1 and 9i> 7 are absent in the action 
(which is just the original ungauged WZNW action in (12) with J 7 = J 7 = 0) but 
u J ,v J themselves may still appear in (16) through U^{u)V^{v). This does not represent 
a problem for a sigma model interpretation since one can gauge fix u 1 = v 7 = from the 
start (cf. [j35| ). The null gauging thus reduced the dimension of the WZNW model by two 
as expected since the left and right gauge groups are independent .111 

If the gauge fields in (12) belong to $/A then after integrating them out we finish with 
the interaction term 2M a pJ^J^ where a, (3 run over simple roots only. If one further adds 
the constraints [[31 on these currents (which break manifest off-shell classical conformal 
invariance of the gauged WZNW model) one finds that (12) takes the form of the Toda 
model. As we shall see in Section 4.2 (see also Section 2.4), the imposition of constraints 
is not, in fact, necessary in order to make a connection to the Toda model. 



12 In general, H+ and H need not be the same so that M pq may be degenerate. The inte- 
grals over the corresponding zero eigenvalue combinations of B,B will produce 5-function con- 
straints on some of J u , J v . In the case when the gauge groups are one-dimensional and the 
corresponding left and right gauge generators are just different step operators E 1 and E_ 1 i, the 
BB-term in (12) vanishes and the integrals over B and B give the (^-function constraints which 
set Jy and to zero (M a p is diagonal) so that the final result for a sigma model action is 
S n = ±- J d 2 z{C a pdr a drP + £ a# , f<*(r)U? (u)V 5 a (v)du a dv 5 ] . There is an extra dilaton term 

originating from the determinants which appear after integrating out the (^-functions. This 'de- 

/ — — / 

generate' gauging reduces the number of dimensions by four: du 1 ,du J ,0V 1 , dv' 1 are absent in 
the final action (14). In fact, the built-in gauge invariance of the original action (10) implies that 
u 1 and v 1 can be gauge-fixed to zero. Also, given that du 1 and dv 1 appear in the final result 
only in the ^-functions, it is natural to reduce the number of coordinates further by trying to 
integrate explicitly over u 1 , v 1 . 
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In the case when gauged subgroups are non-abelian the resulting sigma models (14) 
may have non-abelian global symmetries and in particular cases have classical equations 
equivalent to equations in non-abelian Toda models (see, e.g., p3 |5t]] ) . How- 



ever, such models will contain more than one pair of u, v coordinates, i.e. more than one 
time-like direction and we shall not consider them here. 



2.3. Models with one time-like coordinate 

Let us now turn to the most interesting case when the dimensions of the gauge groups 
H± are equal to dim G± — 1 = m — 1 so that only one time-like coordinate appears in the 
resulting sigma model action. Let E ai and E_ ai denote the generators of G + and G_ 
which remain ungauged, i.e. which do not belong to H + and Since H + must be a 
subgroup, E ai cannot appear in the commutators of the generators of H + . According to 
(9) this is possible only if a\ is a simple root, i.e. if it cannot be represented as a sum 
of two other positive roots. In fact, if we use the indices i,j to denote the simple roots 
ol = Q!j (i = (1,8) = 1,2, ...,n) and indices a, b to denote the remaining positive roots 
a a (a = n + 1, ...,m) the commutators of the corresponding step operators are given by 

[Ei, Ej] ~ E a (a a =ati + aj) , 

[Ei, E a ] ~ E b (a b = on + a a ) , [E a , E b ] ~ E c (a c = a a + a b ) . 

It is clear that one can also use linear combinations E' s = E s + X S E\ (s = 2, n) as the 
'simple' part of the generators of H + but one cannot mix the non-simple generators E a 
with Ei. 

Let u ai = -^u, v ai = -^v; the remaining coordinates v a (a = (s, a) will be used 
to denote all 'gauged' m — 1 positive roots) are transforming under the gauge group (with 
the leading-order term being just a shift) so that we can set them to zero as a gauge. In 
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this gauge J u = -^duE ai , J v = A^dvE- ai and the sigma model action (14) takes the 
form (p, q = 1, m — 1)0 



S n = ^ J d 2 z[dx i dx i + F(x)dudv] + J d 2 zy^)R^<P(x) , (17) 

F(x) = f ai - f^M-^X^X^ , <f,(x) = -i In det M pq , 
M pq (x)=J2fa(x)XfX^ . 

a 

The non-trivial elements of the 'mixing' matrix A^ correspond to a possibility of changing 
the generators of H + by adding X^E^. Without loss of generality the non- vanishing 
components of A^ can be taken to be: X p = 8 p , A^ 1 = X s 5 ps and similarly for A^ 
(according to the remark above, only simple roots can be mixed with E ai ). Then (s,t = 
2,...,n; a, b = n + 1, to) 



M pq =( M Q st ^J, M st (r) = f s 5 st + f l X s X t , M ab (x) = f a (x)5 ab , (IS) 



f h ( x ) = f =J?—e- ah - x , h = (1, s, a) = 1,2,..., to , m=hd-n). (19) 

\CXh\ 2 



If we introduce Ai = Ai = 1 in order to make the formulas look symmetric with respect to 
all simple roots, we find 

-i T ran 

M; t x = f; x 5 st - J± h ; i , det M pq = {\[ f h ) ( £ /r^A.) . (20) 



h=l i=l 



As a result, 



F = h- f 2 M~ lst X s X t = ]_ , 

n 

F = Q2^ ai ' X ) , e< = gl^l 2 ^ > ( 21 ) 



2^ " 2 

/j = l i=l 



13 For notational convenience (to get rid of an extra factor of 2 in front of the F(x)dudv term) 
we have redefined u and v by the factor of l/y/2 as compared to (14). 
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= 0o+p-^--ln J2 e i eai ' X > P^E^' ( 22 ) 
We discover the following relation between the basic function F and the dilaton 

F(x) = F Q e 2 ^ x) e- 2p - x . (23) 

This relation is not accidental, being necessary for the conformal invariance of the model 
(17) (see Section 4). Note that (23) implies that the string tree-level measure factor for 
the model (17) has a universal form which does not depend on a particular gauging but 
only on the sum of all positive roots for a given algebra 

v^e" 2 ^ = Fe~ 2 ^ = F e~ 2p - X . (24) 

This factor, in fact, is the x-dependent part of the Haar measure of the original WZNW 
model expressed in the Gauss decomposition (see (14), (15)). 

It is clear that non-equivalent models correspond only to e s = 0, +1, — 1 since if e s 7^ 
we can make all |e s | = 1 by constant shifts of x % . In the simplest case when all mixing 
parameters A s , A s are equal to zero, i.e. e s = 0, F = fi, 4>(r) = 0o — | J2T=2 m fh > the 
action (17) becomes (cf.(16)) 

S n = — [ d 2 z\dx l 8x l + F e- aiixi dudv] + / d 2 z^)R (2 \ Pl - -a u )x l , (25) 
2n J An J 2 

where an are components of the 'ungauged' simple root. Using the rotational symmetry 
in x l space we can make ol\ = (y/2, 0, 0) so that the model factorises into a product of 
the SL{2, R) WZNW model and n — 1 free scalars with linear dilaton. 

2.4- Summary 

We have thus found the sigma model action (17), (21), (22), i.e.0 



/n 
d 2 z[dx l d Xl + (^eie ai - x Y l dudv\ 



14 We absorb the prefactors 2/\aa\ 2 of the exponential terms into a rescaling of u, v and ej. We 
also consider (26) as an effective action, including the quantum shift of A;, k = k — \cq- 
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4ir I 2 z — ' 

J i=l 



(26) 



with ofj being the simple roots and p being half the sum of all positive roots. The values 
of the parameters e, = 0, +1 or —1 represent inequivalent gaugings of the original WZNW 
model or different conformal sigma models.lll Non-trivial models (not equivalent to direct 
products of SL(2, R) WZNW with free scalars) are found for non-vanishing values of the 
'mixing' parameters 62, e n . 

The metric of the corresponding D = n + 2 dimensional target space-time has 
two null Killing symmetries (in fact, the full 2d Poincare invariance in the u, v plane, 
u' = pu + a, v' = p~ x v + b). The non-trivial (uv) components of the metric and the 
antisymmetric tensor and the non-linear part of the dilaton are all expressed in terms of a 
single function F(x) (21), which is the inverse of the sum of the exponentials of the spatial 
Cartan coordinates x l . The metric is non-singular if all e$ have the same sign. 

The action (26) has a structure reminiscent of the Toda model (with the dimension 2 
operator dudv instead of the dimension zero one in the interaction term). In general, the 
model (26) or its dual version which has the metric and dilaton given by (see Section 4.3) 

n 1 
F = F- 1 =^2e i e a *- x , <f> = <j)— -In F = p- x, (27) 

i=i 

can be considered as 'sigma model analogs' of the Toda model. 

We are drawing an analogy with abelian Toda models (see, e.g., |58[1 159[] |60| [|6Tf PU] ) . 



In non-abelian Toda models (see, e.g., |54|] |55| |50| [^7[||56|1 ) the free Cartan subgroup af-part 



of the abelian Toda action is replaced by a WZNW model action (and, correspondingly, 
the potential term takes more complicated form). As noted at the end of Section 2.3, 
our discussion can be generalised to the case of non-abelian gauge subgroups so that 
the resulting sigma models (in the special cases of properly chosen subgroups as in the 



15 Inequivalent solutions corresponding to different possible choices of an ungauged simple root 
ol\ are easily included by assuming that ei can also take values and —1 but at least one of ti is 
non- vanishing. In general, ej taking arbitrary real values represent moduli of the solutions. 
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generalised integral gradings gauging in |5^][^T][Q) have a structure similar to that of 
non-abelian Toda models (being equivalent to them at the level of classical equations 
of motion). However, such models have more than one time-like direction and do not 
lead to new examples of D = 4 conformal invariant backgrounds (any non-trivial WZNW 
model has at least three degrees of freedom while a four dimensional space has only two 
transverse directions). In fact, one can show that the simplest model of this type obtained 
by starting with £X(3, R) WZNW model and gauging one linear combination of roots on 
the left and on the right gives aD = 6 sigma model with the signature (+,+,+,+,—,—) 
(for a particular choice of the gauged generator it has global SL(2, R) symmetry). 

The reason for a connection to the Toda model can be understood, for example, by 
comparing our approach to that of |H[ where additional 'background' terms linear in the 
gauge fields (implying constraints on the currents) were introduced into the action (10). 
They produced a potential term after the gauge fields were integrated out. We instead 
did not gauge the full m-dimensional nilpotent subgroups G± and as a result got a sigma 
model - type interaction term for the ungauged root directions. 

As we shall show in Section 4.2, the classical equations (on a flat 2d background) for 
the model (26) (or its dual) reduce, in fact, to the Toda model equations. The relation 
between the models is not, however, quite precise at the quantum level. Note that in 
contrast to the Toda model (and the dual model (27)) the dilaton in (26) is, in general, 
a non-linear function of x l . If we gauge the remaining nilpotent generator corresponding 
to «i or simply integrate over u, v in (26) we cancel the non-linear dilaton termlll and get 
4> = p-x. Though this expression may look similar to the dilaton of the Toda model in the 
simply-laced algebra case [[JT] |3J] []33j it is actually different since it does not contain 
the second linear term present in the Toda model dilaton in the general non-simply-laced 
case |55|||33|1. The reason for this disagreement can be traced back to the basic fact that 



16 As in (13), the determinant resulting from the integration over u, v gives the dilaton contri- 
bution [|62|1 153| 1 A(p = — | In F which cancels (according to (23)) the non-linear term in (j>. 
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the interaction term in the action (26) has classical dimension zero while the potential 
term of the Toda model has classical dimension two. We shall clarify this point in Section 
4.2. 

In Section 4 we shall also check explicitly that the background corresponding to (26) 
satisfies the conformal invariance equations. In the next section we shall consider the 
particular case of the rank n = 2 groups when the resulting target space has dimension 
four. 



3. Null gauging in the case of rank 2 groups: four dimensional space-times 

Let us now illustrate the above discussion on the examples of null gauging of the 
groups corresponding to the maximally non-compact real forms of the rank n = 2 algebras 
sl(3,R),so(2,3) = sp(4,R), so(2, 2) = sl(2, R) © sl(2,R) and G 2 which lead to D = 4 
backgrounds. In the rank 2 case the action (26) is parametrised by a 2 x 2 Cartan matrix 
Kij or by two simple roots with components an and an and one parameter e = 
with values ±1 (we assume that ei ^ and also e 7^ to get a non-trivial, i.e., not a direct 
product SL(2,R) x R 2 model). It has the following explicit form {a' = 2/k; x % = (x,y)) 

S=-l- J d 2 z [dxdx + dydy + F(x, y)dudv] + J d 2 ''zy^R {2] y) , (28) 
1 <t> = p-x- \ In ( e — ©ee^), p = J («! + ... + a m ) . (29) 



g«ri _|_ ggo^-x ' 



I addition to the Poincare symmetry in the u, v plane this model is also invariant under a 
correlated constant shift of x % and u (or v). Below we shall consider the particular cases 
of (28), (29) for all inequivalent choices of the Cartan matrices. In the last subsection we 
shall discuss the backgrounds obtained by null gauging of the non-compact group SO(l, 3) 
which does not admit the standard Gauss decomposition. 
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3.1. 50(2,2) ~ SL(2 5J R) x SL(2,R) 

Let us start with the simplest case of SO(2, 2) or SL(2, R) x SL(2, R) when it is easy 
to repeat the above analysis explicitly from the very beginning. For G = SL(2, 

,t' .///./; I 1 u\ f e r Ul 



9 = e»^e«e- = („ » " e r ) I « I ) ' < 30 > 



5 = 

7T 



y d 2 z[drdr + e 2r dudv) . (31) 



Gauging the null generators of translations of u and/or i> we get (the free part of) one- 
dimensional Liouville model |3~I]j ||32|| (see also p3|). Gauging independently the left and 
right null subgroups of SL(2,R) x SL(2,R) or of 50(2,2) in a 'twisted' way we get the 
following action (rx,Ui,Vi and r 2 ,W2,^2 are the parameters of the two SL(2,R) groups; 
q = k'/k is the ratio of the corresponding k = k — 2 - factors for the two SL(2, R) groups 
which may be considered as a free parameter of the Cartan matrix in this non-simple case) 

S n = ^ J d 2 z[dr 1 8r 1 +e- 2ri (du 1 + \B){dv t - XB) 

+qdr 2 dr 2 + qe~ 2r2 {8u 2 + B) (dv 2 - B)] . (32) 

This is the direct analog of (12), (13) in the SL(2, R) x SL(2, R) case with A, A being the 
parameters of the 'mixing' of the root operators in the generators of the left and right gauge 
subgroups. The action is invariant under u[ = u\ + Aa, v[ = v± + A6, u 2 = u 2 + a, v 2 = 
v 2 + 6, B' = B — <9a, B' = B + Bb. Gauge fixing u 2 = v 2 = and integrating over £?, B 
we finish with the sigma model action with 

ge -2n-2r 2 1 



ge" 2r 2 + AAe" 2r i e 2ri + ee 2 



qXX 



-\ In (qe~ 2r2 + AAe" 2ri ) = O + n + r 2 + ~ In F . (33) 
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The whole group SL(2,R) can be covered by four patches, i.e. a generic element is given 

uE: n rH „vE_ 



by g = e" fi +e rJ1 e" fi '-w , w = ±l,w = ±fj ^) . Note that for SL(2, R) C Q/3 = K a/3 
2, \a\ 2 = 2, f a = e- 2r . 
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To have the physical signature we are to assume q > 0x3 

When A or A is zero we get the direct product of the free scalar with the SL(2,R) 
WZNW model. For AA 7^ coefficient e = q^XX can be made equal to ±1 by a shift 
r 2 ~~ > r 2 so we are l e ft with only two non-trivial possibilities for the sigma model action 
(28) corresponding to A A > or A A < (x = V2ri, y = q l / 2 \f2r' 2 ) 



qV2x _|_ ee \/2/j,j/ 



fi = q 



" 1/2 , c = ±l, (34) 



<P(x, y) = ( p + ± x+ ±=w - I In (e^ + ee^) . 

As we shall explicitly check below, this background satisfies the conformal invariance con- 
ditions. 

3.2. SL(3,R), 50(2,3), G 2 

Let us now consider the remaining cases of rank 2 maximally non-compact simple Lie 
groups. For SL(3, R) we have d = 8, n = 2, the number of positive roots m = 3 and all 
roots have equal length (|«i| 2 = 2), i.e. El 



n. . — jr. . 



2 -1 
-1 2 



13 13 

ai = (V2, 0), a 2 = ( 7=, -7=), p = «i + «2 = (-7=, -7=) • (35) 



18 The model with q = —1 (with signature (+,—,+,—)) can be transformed into another 
conformal sigma model with one time-like coordinate {r^) by making the analytic continuation in 
t = ^(u — v) to replace the Fdudv part of the action by Fd{z+iT)d{z — iT). Related models can be 
obtained by null gauging of the 50(1,3) group discussed below. The resulting metric is real but 
the antisymmetric tensor is, however, pure imaginary (so that the classical string equations and 
their solutions become complex). Because of the analytic continuation involved, this model may 
not also have a direct interpretation in terms of the 50(2,2)/ H or 50(1,3)/ H coset conformal 
theories. 

19 We use the notation Kij = K aiOC where aa are simple roots. 
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Let the ungauged null generator which should correspond to a simple root have the index 
1, another simple root - index 2 and their sum - index 3. Then the functions F, <p i n (29), 
become 

v- 1 , = O + J=a;+ i/-- hi (e^ + ee-^+^O . (36) 



e V2x + ee -js x +75V ' y/2 y/2 2 

As in the SO{2, 2) case considered above e can be set equal to ±1 by shifting y so that we 
get only two possible non-trivial models. 

In the case of 50(2, 3) ~ Sp(4, R) or the algebra B 2 = C 2 = so(5) there are m = 4 
positive roots, two of which are simple and have lengths 1 and y/2 (the other two positive 
roots also have lengths 1 and y/2). The 'kinetic' matrix CV, and the Cartan matrix Kij 
are given by (we assume that the first simple root is the short one) 

r - ( 4 ~ 2 \ k - ( 2 - 1 

13 ~ \ -2 2 ) ' 13 ~ \ -2 2 

3 13 

ai = (l,0), a 2 = (-l,l), p = 2«i + -a® = (-, -) • (37) 

If the ungauged direction corresponds to the first simple root we get the following expres- 
sions for the functions F and <p i n (29) 

F = — , (p = 0o + -x + -y - - In (e x + ee~ x+y ) . (38) 

e x + ee -x+ y ' v vu 2 2 y 2 v ; v ; 

The case when the ungauged root is the long one corresponds to interchanging the two 
exponentials in the sums and is essentially equivalent to (38) (in the case when e = — 1 we 
can also change the sign of u or v). 

For the maximally non-compact form of Gi (d = 14, n = 2, m = 6) in addition to 
the short (|cti| 2 = 2/3) and long (|ct2| 2 = 2) simple roots there are 4 other positive roots 
(2 short and 2 long ones) and 

r - I 6 " 3 ^1 k- - f 2 _1 

13 ~ \ -3 2 ' lJ ~l -3 2 
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/2 3 1 13 

-,0) , a 2 = (-y-,— ), p = 5ai + 3a 2 = ( — , — ) , (39) 

so that we find (assuming that the short simple root is ungauged) 

F = 1 „ , , 

eVU^ + ee~ ^ a^+^i^ 

= ^ + + - I ln ( eV ^ X + ee - ^ 1 "^) . (40) 
v6 v 2 2 

The choice of the long root as an ungauged one gives equivalent model. The models of this 
subsection do not seem to admit other analytic continuations with real metric of Minkowski 
signature. 

3.3. Null gauging of SO (1,3) 

As we have already mentioned above, the gauging based on the Gauss decomposition 
does not, however, exhaust the most general possible gauging of subgroups with null gener- 
ators. To implement the prescription based on (7) one does not really need to use the Gauss 
decomposition which does not exist (at least in its standard version) for non-maximally 
non-compact real groups. To illustrate the procedure of the null gauging in this case let us 
consider the null gauging of £0(1, 3). The Killing form of the corresponding algebra has 
the signature (—,—,—,+,+,+) implying that there exist null generators. Being restricted 
to the two-dimensional Cartan subalgebra the Killing form has the signature (— ,+) so 
that after gauging one left and one right null generator one should expect to find a four 
dimensional target space of the signature (— , — , +, +). This background will turn out to 
be related by an analytic continuation to the one obtained above by gauging £0(2, 2) and 
will also have another interesting analytic continuation of the signature (— , +, +, +). 

Starting with the Weyl basis (e mn )f = — it is possible to represent the 

six generators of so(l,3) as 4 x 4 real matrices Hi, Ei, E-i (i = 1,2) with the following 
commutation relations and traces^ 

= -[E2,E- 2 ] = \h x , [£ 2 ,£-i] = [E u E- 2 ] = hi 2 , (41) 



20 Alternatively, one may start with the sl(2, C) algebra in the cr-matrix basis and construct its 
real form in terms of 4 x 4 matrices by replacing 1 and i by 2 x 2 matrices Sij and tij. 
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[Ei, E 2 ] = [-E-i, E-2] = , [Hi, E±i] = ±E±i , [H 2 , E±H = ±6ijE±j , 

[Hi,Hj] = , Tr = - Tr iff = 1 , 

Tr = - Tr £ 2 £-2 = - , Tr HE± 3 = Tr E t E 3 = Tr E- l E_ 3 = . (42) 

Note that (41), (42) are different from a Cartan basis relations. Still, the group element of 
SO(l, 3) can be parametrised in a way that mimics the Gauss decomposition for SL(2, C) 
or 50(2,2) 

g = g+g g- = exp(«i£i + u 2 E 2 ) exp(x 1 Hi + x 2 H 2 ) exp(^i£;_i + v 2 E_ 2 ) . (43) 

We shall gauge the following left and right transformations generated by a pair of null 
generators^ 

g > = e a+El g e^- 1 . (44) 
The gauge-invariant action is given by (7), (10). Using (42), (43) we find in this particular 



case 



S n = — / d 2 z( dxidxi — dx 2 dx 2 ) 
2% J 

+ ^ J d 2 z Tr [g 1 (BE 1 + duiEi + du^g^BE^ - dv x E_ x - dv 2 E_ 2 )] , (45) 



where we have used that the gauge fields A, A have the form BE\, BE_i. Evaluating the 
trace using (41), (42) and fixing the gauge u\ = v± = we finish with 

S n = — / d 2 z [dxidxi — dx 2 dx 2 
2% J 

+e _Xl ( cos x 2 BB + sinx 2 du 2 B — sinx 2 dv 2 B + cos x 2 du 2 dv 2 )~\ . (46) 
After integrating out the gauge fields the action takes the sigma model form (u = u 2 , v = 

S n = — / d 2 z(dx\dxi — dx 2 dx 2 H dudv) 

2n J cos x 2 ' 



21 Gauging in the case when the left (right) groups are generated by linear combinations of E% 
(E-i) leads to equivalent results obtained by shifting X2 in (47) by an arbitary constant. 
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- — / d 2 z^?)R {2) In (e" Xl cosx 2 ) . (47) 
8% J 

Here X\ and X2 can be shifted by arbitrary constants (e.g. cos £2 can be replaced by 
sin £2). The corresponding background represents an exact string solution with the sig- 
nature (—,—,+,-1-) The target space metric in (47) admits a straightforward analytic 
continuation which has a physical signature. If we set £2 = ix' 2 we get a real action 
of the same structure as (28) with F = e~ Xl (coshx 2 ) _1 - Furthermore, if we change the 
coordinates to x = -^(xi — x' 2 ), y = ~^( x i + ^2) the model becomes equivalent to a 
particular version (k = k', fi = 1, e = 1) of the model (34) obtained above by gauging 
SL(2,R) x SL(2,R)M 

Two other interesting analytic continuations of this model are found by treating x\ or 
£2 as a time-like coordinate and rotating u±v. With X2 = t, X\ = x, u = y — iz, v = y + iz 
the sigma model action (47) corresponds to a time-dependent background with the metric, 
antisymmetric tensor and dilaton given by 

e _ x &~ x 1 1 

ds 2 = —dt 2 + dx 2 H (dy 2 + dz 2 ) , B vz = i , </> = -x In cost . (48) 

cost cost 2 2 

If instead x<i = x, x\ = t, u = —y +iz, v = y + iz and k — > —k we get 

ds 2 = -dt 2 + dx 2 H (dy 2 + dz 2 ), B yz = i , </> = -t In cos x . (49) 

cos x cos x 2 2 

Up to a potential problem of imaginary nature of the antisymmetric tensor field (the i 
factor in B mn drops out from the string effective equations but may not allow a physical 
interpretation of the solution since the string action and the string equations are com- 
plex) these backgrounds represent exact string solutions which may have a 'cosmological' 
interpretationJH 



22 An extra factor of 2 in F can be absorbed into u, v; one should also rescale the overall 
coefficient k by 2 due to different normalisations of the traces. The model (34) with e = — 1 can 
be also reproduced by starting with (47) and making appropriate complex shifts of x\ and x^. 

23 While completing this paper we learned about a recent preprint |6^| where a class of D = 4 
backgrounds with 2 Killing vectors which solve the one-loop equations of conformal invariance 
was considered. The backgrounds (48), (49) are of the type discussed in |64|| . The exact static 
backgrounds considered in the rest of our paper do not belong to the class of backgrounds (ds 2 = 



fit, z)(-dt 2 + dz 2 ) + g ab {t, z)dx a dx, x a = (x, y)) studied in [64]. 
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4. A class of conformally invariant sigma models 

4-1. Solutions of conformal invariance conditions 

The models we have discussed above represent exact conformal sigma models belong- 
ing to the the general class of sigma models (17), (26), i.e. (i = 1, ...,n) 

S=^— I (Pzldx'dxi + F(x)dudv] + / d 2 zy^R^(j)(x) . (50) 
%a J 4tv J 

In addition to the boost symmetry in it, v plane (which guarantees the stability of the 
sigma model (50) under renormalisation) these models are invariant under the infinite- 
dimensional global symmetry u' = u + f(z), v ' = v + h(z) (these transformations are 
real on Minkowski world sheet) corresponding to two conserved chiral currents. It is 
straightforward to find the conditions of Weyl invariance of the sigma model (50) by 
computing the corresponding Weyl anomaly coefficients or /^-functions. The leading-order 
equations |35| 



/?,„„ - \ii mvq Hr + 2D m D n 4> = , - l -D n H n pq + d n (j)H n pq = , 



_L (jD _ 26) - ^D 2 + (dcP) 2 - ^H mnk H mnk = , D = n + 2 , 
imply the following conditions on the two functions F and <f> in (17) 

-didjh + = , -d% h + 2d i( pd l h = , F = e 2/l(x) , (51) 

20 ~ ° 1 d i d i <j) + d'<j>di<t> - d l hd % 4> + d l hd l h = d^h - <f>)di(h - <j>) . (52) 



6a' 2 
As a consequence, 

(p - h = 4> = (po + PiX 1 , d%h = 2dihd'h + 2p i d i h , D — 26 = —6a'p i p i , (53) 

where pi is an arbitrary constant vector. The equation for h is equivalent to 

d l d,F = 2 Pl d l F , F = F- X = e~ 2h . (54) 
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A linear combination of solutions of (54) isE-3 

N 

F = b + biX 1 + £re ar ' x , hp 1 = , a r ■ x = a ri x\ (55) 

where e r are arbitrary constants and a set of vectors a r should satisfy (for each value of 
the index r and for a fixed vector p{) 

\a r \ 2 = 2p ■ a r ■ (56) 

A particular solution of (54), (56) is found by taking the number N of the exponential terms 
in (55) to be equal to the number n of coordinates x l and identifying a r with the simple 
roots of a semisimple rank n Lie algebra and pi with of the components of the vector equal 
to one half of the sum of all positive roots, or, equivalently, to the sum of the fundamental 
weights, 

p=-^a s = ^m i5 rrii-aj = -{cxi^Sij , p ■ a t = -|a;| 2 . (57) 

s=l i=l 

As a result, 

1 

F= (bo + b^ + ^^^y 1 , cj> = cj>o + PiX i --lnF . (58) 
i=l 

We have thus checked that the model (26) and, in particular, all D = 4 backgrounds 
(28), (29) obtained by gauging the nilpotent subalgebras of maximally non-compact n = 2 
algebras sl(3, R), so(2, 3) = sp(4), so(2, 2) and G2 correspond to the particular cases of 
the solution (58) (with bo = bi = 0). The same conclusion is true for the backgrounds 
(47), (48), (49) obtained by null gauging of 50(1,3). 

The exact expression for the central charge of these models is found from (53) taking 
a' = 2/k, k = k — ^cq 

C = n + 2 + 6a'\p\ 2 = n + 2 + — = = d + n + 2 , 24\p\ 2 = c G d , (59) 

k — ?cq k — ijCq 



24 Let us note also that (54) can be put into the form of a massive equation in flat n- dimensional 
Euclidean space -d i d z F' + 2\p\ 2 F' = 0, F = e p * x% F' . When p = we get F = b + b i x i . this 
solution corresponds to a non-trivial curved space which is dual (see Sect. 4. 3) to the flat space. 
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i.e. is given by the central charge of the original WZNW model minus the number of 
degrees of freedom that have been gauged away. 

The background fields in (26) derived by the null gauging of the WZNW models 
represent exact solutions of the conformal invariance conditions (to all orders in a' in 
a particular scheme). It is natural to conjecture that, in general, there exists a scheme 
in which the backgrounds of the type (50) satisfying the one-loop conformal invariance 
condition (54) are actually the solutions to all orders in a' . In fact, it is possible, to give 
a path integral argument which demonstrates this ||66|1 . Similar statement is known for 
the plane wave - type backgrounds with one covariantly constant null Killing vector || 1| 
and also for the WZNW models or group spaces. This is certainly true for the model 
(67) related to (50) by a duality transformation as discussed below. We shall also note 
that the model (50) has two chiral currents, suggesting a possibility of a Sugawara-type 
construction. 

4-2. Relation to Toda model 

The equation (54) can be interpreted as a condition of conformal invariance for a 
massless (dimension two) perturbation in a linear dilaton background and is very similar 
to the corresponding one for the tachyon (dimension zero) perturbation T(x) 

-d l d,T + 28^x8^ -2kT = Q , 0i = <j> + o l x i , 2/a' = k = k - -c G , 

d l d,T = 2a i d i T - 2kT . (60) 

The potential of the Toda model 

n 

T(x)=]>>e^, (61) 

j=l 

is a particular solution of (60) if 

\ai\ 2 = 2o ■ on - 2k . (62) 
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Eq. (62) is satisfied if (cf.(57))H 

n n 2 

a = y nii + 2k - — ro TO i = p + 2k5 . (63) 

i=l i=l 1 11 

Comparing (59) with (54) or (62) with (56) we see that the origin of the second S - term in 
the Toda model dilaton [j5"5|||31||[|33|j is in the presence of the 'classical dimension' or 'mass' 
term 2kT in (59) which absent in the case of the sigma model - type interaction. 

To demonstrate the equivalence to the Toda model at the classical level let us consider 
the classical equations for the model (50) (on a flat 2d background) 

ddx, - \d % Fdudv = , d(Fdv) = , d(Fdu) = . (64) 

The model thus has two chiral currents. Integrating the last two equations and substituting 
the solutions in the first one we get 

ddxi + jrxdiF' 1 = , Fdv = v{z) , Fdu = fi{z) , x = K^OM- 2 ) • (65) 

Since u, \i are chiral and \ nas a factorised form they can be made constant by the conformal 
transformations of z and z (the sigma model (50) is always conformally invariant at the 
classical level). Equivalently, this can be considered as a gauge choice (alternative to the 
light cone gauge), i.e. u = a(r + cr), v = b(r — cr), for the conformal symmetry. The 
equation for x 1 can be derived from the action 

S = — [ (fzldx^Xi - xF^(x)] . (66) 
%a J L J 

With F given by (21) (i.e. F -1 = T = Ym=i e i e<a!i x ) an< i i n the conformal gauge with 

constant x the equation for x % (65) and the action (66) are exactly those of the Toda 

model. This observation is, of course, related to the derivation of the Toda model from 

constrained WZNW model in 

As a consequence, the equations of the classical string propagation (including the 

constraints) on the backgrounds (26) discussed in the present paper are exactly integrable 

since their solutions can be directly expressed in terms of the Toda model solutions. 



25 Similar derivation of the Toda model from the '/3-function' conditions was given (in the 
simply-laced case) in |63| and in a general non-abelian Toda model case in [|57|. The central 



charge of the Toda theory is thus (cf. (53)) C = n + 6c/|cr| 2 = n + 12k 1 \p + 2k8\ 2 , in agreement 
with |3| [|3|. 
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4-3. Dual sigma models 



Another interesting property of the model (50) is that the dual model obtained by the 
standard abelian duality transformation in the w = \{u + v) direction has a covariantly 
constant null Killing vector, i.e. has a 'plane wave' - type structure (with the metric 
and dilaton depending only on transverse coordinates but not on a light-cone coordinate). 
This is a consequence of the fact that the wf-component of the metric in (50) is equal 
to the corresponding component of the antisymmetric tensor (what is also the reason for 
the existence of the two chiral currents). Following the standard steps [p2|[|B7| of gauging 



the symmetry u' = u + a, v' = v + a, i.e. adding the gauge field strength term with 
a Lagrange multiplier u and integrating out the gauge field, we find for the dual model 

(t = | (u — v) = v) 

§=—,( d 2 z\dx l dx l + F(x)dudu - 2dvdu] + [ d 2 z^/g^R (2) (f)(x) , (67) 

TVa J 47T J 

F = F- 1 (x), 4> = <f)(x) - - In F(x) . (68) 

The dual space-time metric has one covariantly constant null Killing vector while the 
vanishing antisymmetric tensor is zero. Since the 'transverse' part of the metric is flat, the 
conditions of the Weyl invariance of the model (67) are given (to all orders in a') by the 
'one-loop' conditions^ 

-d^F + 2d l 4>d l F = , = , (69) 

6a' 2 



26 See, e.g., [6S] for a general discussion. Since the dilaton is assumed to depend on the trans- 
verse coordinates, this model is a generalisation of the original 'plane-wave' models considered in 
PI Pi 01 IH ■ Some special cases, in particular, the D = 3 case of such model - the duality rotation of 
the SL(2, R) WZNW model - were already discussed (in connection with extremal black strings) 



in |69| J70[ (see also |3q1 ; note that a 'nilpotent duality' discussed in [|36| in the SL(2, R) case is just 



the standard abelian duality if expressed in terms of the appropriate coordinates (30), (31)). 
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This system of equations is equivalent to the one in the original model (51), (52) (see 
(53), (54)) with a solution already given in (55), (53), (58) 

n 

F = b + hx l + ^ e^ x , 4> = 4> + p l x t , (70) 
i=i 

where bi, oti and p should satisfy the conditions in (55), (56). The backgrounds (58) and 
(70) thus provide another example of exact solutions related by the standard (leading- 
order) duality (cf. JTT||). The classical equations of motion of the two dual models are, of 
course, also equivalent and can be represented in the Toda-like form (65). 

There remains an open question if one can consider the isometric coordinate (with 
respect to which the duality is performed) to be periodic so that the two conformal field 
theories can be identified following the idea of ||72|| . This could open a possibility for a 
proof of unitarity of the models considered in this paper since the unitarity of the 'plane 
wave' model (67) is obvious in the light cone gauge. 



5. Concluding remarks 

In this paper we have found a new class of conformal sigma models which have Toda 
model - like structure and can be obtained by gauging of 'null' (or nilpotent) subgroups 
in WZNW theories based on non-compact groups. The corresponding target space fields 
represent exact string solutions. Their possible physical interpretation remains an open 
question. An interesting property of these solutions is that the classical string propagation 
is essentially described by the Toda model equations. 

Let us briefly comment on the geometrical properties of the backgrounds discussed 
above. Computing the scalar curvature of the metric in (50) we fincH 

R = -2F~ 1 9 i a i F + -F~ 2 d l Fd l F = 2Fd i d l F~ 1 - -F 2 d l F~ 1 d i F~ 1 . (71) 

27 It should be noted that even though the string 'feels' a combination of the metric and the 
antisymmetric tensor (so that the geometrical properties of these backgrounds are better reflected 
in the string equations of motion) a point-like tachyonic state still follows the geodesies of the 
metric. 
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For F in (26) or in (58) (with bo = 6j = 0) we obtain 

n _ E-^i( 4 l^l 2 - 7 ^-^)^ e(Ql+Qj) ' x (79 , 

For comparison, in the case of the dual background (67) all scalar curvature invariants 
vanish while the im-component of the Ricci tensor is given by 

1-1 1 n 

Run = ~^d t F = --mF' 1 = --Y l €i\a i \ 2 e at - X . (73) 



8=1 



Eq.(72) gives R = —6 in the simplest case of e<i = ... = e n = when the model is equivalent 
to the WZNW model for SL(2, R) x R n ~ l . It is clear that the curvature (72) is non-singular 
if F _1 cannot vanish, i.e. if all have the same sign. For example, in the case of the four 
dimensional SO(2 : 2) background (34), i.e. F' 1 = e^ x + ee^^ v ', we have explicitly 

The curvature is regular for e = +1, approaching a constant value at large x and y. Similar 
expressions are found for other metrics in Section 3. 

It may be possible to construct new solutions by factorising over some discrete sub- 
groups (i.e. by making some identifications of coordinates) using as a motivation a relation 
MWM between the 3D black hole WM and SL(2,R) WZNW model. 



6. Acknowledgements 

C.K. is grateful to the Isaac Newton Institute, Cambridge for hospitality while part of 
this work was done and acknowledges the support of the grants GAUK 291 and 318. A.A.T. 
would like to thank G. Horowitz, A.M. Semikhatov and K. Sfetsos for useful comments. 
The work of A.A.T. is supported by PPARC. 



29 



References 



[1] I. Antoniadis, C. Bachas, J. Ellis and D.V. Nanopoulos, Phys. Lett. B211(1988)393. 

[2] R. Giiven, Phys. Lett. B191(1987)275. 

[3] D. Amati and C. Klimcik, Phys. Lett. B219(1989)443. 

[4] G. Horowitz and A.R. Steif, Phys. Rev. Lett. 64(1990)260; Phys.Rev. D42(1990)1950. 

[5] R.E. Rudd, Nucl. Phys. B352(1991)489 . 

[6] A.A. Tseytlin, Phys. Lett. B288(1992)279; Phys. Rev. D47(1993)3421. 

[7] P. Hofava, Phys. Lett. B278(1992)101. 

[8] D. Gershon, Phys. Rev. D49(1194)999; |hep-th/9210TpH| , 9311122. 

[9] A. Sen, Phys. Lett. B274(1992)34. 

[10] P. Ginsparg and F. Quevedo, Nucl. Phys. B385(1992)527. 

[11] C. Kounnas and D. Lust, Phys. Lett. B289(1992)56. 

[12] C. Nappi and E. Witten, Phys. Lett. B293(1992)309. 

[13] A. Giveon and A. Pasquinucci, Phys. Lett. B294(1992)162. 

[14] C. Kounnas, preprint CERN-TH.6799/93, |hep-th/9304T0l ; I. Antoniadis, S. Ferrara 

and C. Kounnas, preprint CERN-TH.7148/94, |hep-th/9402073| . 

[15] E. Kiritsis, C. Kounnas and D. Lust, preprint CERN-TH.6975/93, |hep-th/ 9308124 . 



[16] I. Bars and K. Sfetsos, Phys. Lett. B277(1992)269; Phys. Rev. D46(1992)4495, 4510; 

I. Bars, preprint USC-93/HEP-B3, |hep-th/9309042i 
[17] S.B. Giddings, J. Polchinski and A. Strominger, Phys. Rev. D48(1993)5784. 
[18] C. Nappi and E. Witten, Phys. Rev. Lett. 71(1993)3751. 
[19] D. I. Olive, E. Rabinovici and A. Schwimmer, Phys. Lett. B321(1994)361. 
[20] K. Sfetsos, Phys. Lett. B324(1994)335; preprints THU- 93/31, 94/01; [hep-th/9311093 

9402031. 

[21] K. Sfetsos and A.A. Tseytlin, unpublished (1994). 
[22] A.Z. Petrov, Einstein Spaces (Pergamon, N.Y. , 1969). 
[23] N. Mohammedi, Phys. Lett. B325(1994)371. 



[24] J.M. Figueroa-O'Farrill and S. Stanciu, preprint QMW-PH-94-2, |hep-th/9402TJ55 
[25] E. Witten, Commun. Math. Phys. 92(1984)455. 

[26] P. Di Vecchia and P. Rossi, Phys. Lett. B140(1984)344; P. Di Vecchia, B. Durhuus 

and J. Petersen, Phys. Lett. B144(1984)245. 
[27] K. Bardakci, E. Rabinovici and B. Saring, Nucl. Phys. B299(1988)157; K. Gawedzki 

and A. Kupiainen, Phys. Lett. B215(1988)119; Nucl. Phys. B320(1989)625. 
[28] D. Karabali, Q-Han Park, H.J. Schnitzer and Z. Yang, Phys. Lett. B216(1989)307; 

D. Karabali and H.J. Schnitzer, Nucl. Phys. B329(1990)649. 
[29] J. Balog, L. O'Raifeartaigh, P. Forgacs and A. Wipf, Phys. Lett. B325(1989)225. 
[30] I. Bars and D. Nemeschansky, Nucl. Phys. B348(1991)89. 



30 



[31] P. Forgacs, A. Wipf, J. Balog, L. Feher and L. O'Raifeartaigh, Phys. Lett. 
B227(1989)214; J. Balog, L. Feher, L. O'Raifeartaigh, P. Forgacs and A. Wipf, 
Ann. Phys. 203(1990)76; L. O'Raifeartaigh, P. Ruelle and I. Tsutsui, Phys. Lett. 
B258(1991)359. 

[32] R. Dijkgraaf, H. Verlinde and E. Verlinde, Nucl. Phys. B371(1992)269. 
[33] I. Jack and J. Panvel, preprint LTH-304, |hep-th/ 9302077 . 



[34] M. Alimohammadi, F. Ardalan and H. Arfaei, preprint BONN-HE-93-12, |hcp- 
| th/9304021 . 



[35] H. Arfaei and N. Mohammedi, preprint BONN-HE-93-42, hep-th/9310T69 



[36] A. Kumar and S. Mahapatra, preprint IP/BBSR/94-02, |hep-th/9401098 
[37] E. Witten, Commun. Math. Phys. 144(1992)189. 
[38] A.M. Polyakov and PB. Wiegman, Phys. Lett. B141(1984)223. 
[39] A.A.Tseytlin, Nucl. Phys. B399(1993)601; Nucl. Phys. B411(1994)509. 
[40] I. Bars and K. Sfetsos, Phys. Rev. D48(1993)844. 

[41] K. Bardakci, M. Crescimanno and E. Rabinovici, Nucl. Phys. B344(1990)344. 

[42] E. Witten, Phys. Rev. D44(1991)314. 

[43] S.-W. Chung and S.-H. Tye, Phys. Rev. D47(1993)4546. 

[44] K. Sfetsos, preprint USC-93/HEP-S1, |hep-th/93050"74| . 

[45] K. Sfetsos and A.A. Tseytlin, Nucl. Phys. B415(1994)116, |hep-th/9308018| . 

[46] A. Alekseev and S. Shatashvili, Nucl. Phys. B323(1989)719. 

[47] M. Bershadsky and H. Ooguri, Commun. Math. Phys. 126(1989)49. 

[48] A. Gerasimov, A. Morozov, M. Olshanetsky, A. Marshakov and S. Shatashvili, Int. 

J. Mod. Phys. A5(1990)2495. 
[49] S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces (Academic 

Press, N.Y., 1978). 

[50] L. Feher, L. O'Raifeartaigh, P. Ruelle, I. Tsutsui and A. Wipf, Phys. Rep. 222(1992)1. 
[51] J.E. Humphreys, Introduction to Lie Algebras and Representation Theory (Springer, 
New York 1972) 

[52] D.I. Olive, "Lectures on gauge theories and Lie algebras", Imperial College preprint 
(1982). 

[53] A.S. Schwarz and A.A. Tseytlin, Nucl. Phys. B399(1993)691. 
[54] J.-L. Gervais and M.V. Saveliev, Phys. Lett. B286(1992)271. 
[55] L. O'Raifeartaigh and A. Wipf, Phys. Lett. B251(1989)361. 

[56] J.-L. Gervais, L. O'Raifeartaigh, A.V. Razumov and M.V. Saveliev, preprint DIAS- 
92/27, |hep-th/9211088 . 



[57] I. Jack, D.R.T. Jones and J. Panvel, preprint LTH-315, |hep-th/9308080| . 

[58] A.N. Leznov and M.V. Saveliev, Commun. Math. Phys. 74(1980)111; 89(1983)59. 

[59] P. Mansfield, Nucl. Phys. B222(1983)419. 

[60] D. Olive and N. Turok, Nucl. Phys. B220(1983)491. 



31 



[61] A. Bilal and J.-L. Gervais, Phys. Lett. B206(1988)412; Nucl. Phys. B318(1989)579. 

[62] T.H. Buscher, Phys. Lett. B194(1987)59 ; Phys. Lett. B201(1988)466. 

[63] A. A. Tseytlin, Phys. Lett. B241(1990)233. 

[64] I. Bakas, preprint CERN-TH.7144/94, |hep-th/94020l"6| . 

[65] C.G. Callan, D. Friedan, E. Martinec and M.J. Perry, Nucl. Phys. B262 (1985)593 ; 

E. S. Fradkin and A. A. Tseytlin, Nucl. Phys. B261(1985)l; A.A. Tseytlin, Phys. 

Lett. B178(1986)349. 
[66] G. Horowitz and A.A. Tseytlin, to appear 

[67] M. Rocek and E. Verlinde, Nucl. Phys. B373(1992)630; A. Giveon, M. Porrati and E. 

Rabinovici, preprint RI-1-94, |hep-th/94UTT3"9] . 
[68] A.A. Tseytlin, Nucl. Phys. B390(1993)153. 

[69] J. Home, G. Horowitz and A. Steif, Phys. Rev. Lett. 68(1992)568; G. Horowitz, 
in: Proc. of the 1992 Trieste Spring School on String theory and Quantum Gravity, 
preprint UCSBTH-92-32, |hep-th/921om 

[70] G. Horowitz and D.L. Welch, Phys. Rev. Lett. 71(1993)328. 

[71] C. Klimcik and A.A. Tseytlin, Phys. Lett. B323(1994)305; [hep-th/93110il . 

[72] M. Rocek and E. Verlinde, Nucl. Phys. B373(1992)630. 

[73] N. Kaloper, Phys. Rev. D48(1993)2598. 

[74] M. Banados, C. Teitelboim and J. Zanelli, Phys. Rev. Lett. 69(1992)1849. 



32 



